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Abstract
We investigate the classical and quantum mechanics of diatomic molecules in combined electrostatic and pulsed laser ﬁelds. The
integrable case of collinear static and linearly polarized laser ﬁelds exhibits both classical and quantum monodromy, and energy–
momentum diagrams are p
presented
for several physically relevant ﬁeld combinations. Although the tilted ﬁeld problem is noninﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ i: hm2 i lattice for eigenstates retains much of the structure of the integrable limit and is organized by
tegrable, a quantum hH
classical periodic orbits. The regular structure of the quantum lattice in the integrable limit is disrupted in an energy range associated
with the onset of chaotic classical motion.
Ó 2004 Elsevier B.V. All rights reserved.

1. Introduction
A rigid polar diatomic molecule interacting with a
static electric ﬁeld is the molecular realization of the
venerable spherical pendulum problem [1]. It has been
known for some time that the classical spherical pendulum, although an integrable system [2], exhibits the
phenomenon of monodromy; that is, a topological obstruction to the existence of a global set of action-angle
variables [1,3]. The quantum spherical pendulum exhibits quantum monodromy [4]. The presence of quantum
monodromy is manifest as an apparent defect in the
discrete lattice of states constituting the quantum energy–momentum diagram [4]. Parallel transport of a
lattice cell around a circuit enclosing the defect results in
a nontrivial unimodular transformation of the lattice
cell described by a monodromy matrix M [5]. Quantum
monodromy has been observed in the spherical pendulum [4,6], champagne bottle potential [7], hydrogen
atom in crossed ﬁelds [8], quasilinear molecules [6,9–11],
and symmetric and quasisymmetric tops in a static
electric ﬁeld [12].
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Polar diatomics and symmetric rotors in intense
electrostatic ﬁelds have been studied in the production
of oriented (pendular [13–15]) states by ‘brute force’
methods [16]. If, in addition, the molecules are subject to
collinear pulsed nonresonant laser ﬁelds, a signiﬁcant
degree of orientation can be achieved with weaker static
ﬁelds than those required for brute-force orientation
[17,18].
Nonpolar molecules with anisotropic polarizabilities
subject to nonresonant laser pulses exhibit alignment 1
whose time-dependence depends on the length of the
pulse compared to the rotational period [19–23]. In this
Letter, we consider a polar diatomic with anisotropic
polarizability subject to both electrostatic and pulsed
nonresonant laser ﬁelds in the (experimentally accessible
[24,25]) adiabatic regime. We therefore, study instantaneous eigenstates of the molecule-ﬁeld system.
For collinear static and linearly polarized laser ﬁelds,
the component of angular momentum along the ﬁeld
direction is conserved and the problem is integrable.
This integrable system exhibits monodromy [3] for
1
Orientation  hP1 ðcos hÞi, averaged over the rotational distribution
function. Alignment  hP2 ðcos hÞi. The angle h describes the direction
of a molecule-ﬁxed axis with respect to the static external ﬁeld
direction.
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nonzero static ﬁeld strength. For physically reasonable
values of molecular parameters, the diatomic in combined collinear ﬁelds provides a realization of the
spherical pendulum plus quadratic potential model. The
classical energy–momentum diagram then consists of
two regions (leaves) ‘glued’ together along a critical cut
[10], where the size and shape of the overlap region of
the leaves can be changed by tuning the values of the
ﬁeld strengths. The quantum state lattice exhibits corresponding quantum monodromy, and the classical
relative equilibria [26,27] organize the quantum lattice
structure. For a diatomic subject to a static ﬁeld perpendicular to a circularly polarized laser pulse, the
classical energy–momentum diagram exhibits a pair of
isolated critical points of the energy–momentum map.
If the ﬁelds are not collinear but are tilted with respect
to one another, then there is no longer a conserved
component of angular momentum, and the corresponding classical dynamical system is nonintegrable.
For large tilting angles, b  p=4, there is extensive
classical chaos. (The classical phase space structure is
discussed elsewhere [28].) For small tilting angles, even
though the problem is formally nonintegrable, much of
the structure of the quantum state lattice in the integrable case persists when the ﬁelds are tilted. The primary periodic orbits, which undergo extensive
bifurcations in the tilted ﬁeld case, now serve to organize
the global phase space structure [29] (cf. the discussion
of the quasisymmetric top case given by Kozin and
Roberts [12]).

2. Hamiltonian for diatomic in external ﬁelds
A rigid polar diatomic in a static electric ﬁeld eS along
the space-ﬁxed z-axis is described by the spherical pendulum Hamiltonian
"
#
p/2
j2
1 2
p þ
 eS D cos h; ð1Þ
H ¼  eS D cos h ¼
2I h sin2 h
2I
where D is the magnitude of the dipole moment, I is the
moment of inertia, spherical polar coordinates ðh; /Þ
specify the orientation of the rotor axis, and ðph ; p/ Þ are
conjugate momenta. The angle between the diatom axis
and the external ﬁeld is h. Although the total angular
momentum j of the rotor is not conserved, the z-component m (p/ ) is a constant of the motion.
The time-averaged Hamiltonian for a diatomic in a
rapidly oscillating (infrared frequency), nonresonant
linearly polarized laser ﬁeld eL ðtÞ along the z-axis is [19]



j2 heL ðtÞ2 i 
a? þ ak  a? cos2 h ;

ð2Þ
2
2I
where ak , a? are components of the polarizability tensor
parallel and perpendicular to the diatomic axis, respectively, and heL ðtÞ2 i denotes the time-averaged laser ﬁeld.
H¼
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If eL ðtÞ ¼ f ðtÞeL cosð2pmtÞ, where m is the laser frequency,
eL the ﬁeld amplitude, and f ðtÞ a slowly varying envelope
2
function, then heL ðtÞ i ¼ f 2 e2L =2. Note that the moleculeﬁeld interaction depends on cos2 h and that, for a diatomic, ak  a? > 0. The projection m is again a constant
of the motion, and the eﬀective potential in the orientation angle h has a double minimum for m ¼ 0. Quantum
mechanically, for a strong laser ﬁeld, extensive j-mixing
occurs to produce aligned rather than oriented states
[18,20,30]; the symmetric double well potential leads to
the appearance of closely spaced doublets [18]. Conservation of m implies that the classical system is integrable.
A more complicated but still integrable problem results when collinear static and laser ﬁelds are applied [18].
In terms of dimensionless variables x  eS D=B and
Dx  heL ðtÞ2 iðak  a? Þ=2B (B  h2 =2I), and omitting a
~  H =B is
constant energy shift, the scaled Hamiltonian H
~ ¼ j2  x cos h  Dx cos2 h;
H

ð3Þ
2

where x cos h is the static ﬁeld term, Dx cos h is the
term due to the laser ﬁeld, and j is now a dimensionless
angular momentum measured in units of 
h. For
x < 2Dx, m ¼ 0, the eﬀective potential in h has the form
of an asymmetric double well [18], while for x P 2Dx
there is only a single minimum. The number of aligned
states trapped in the double well increases as the parameter Dx increases, and the potential is more asymmetric for larger x. The classical dynamics depends only
on the dimensionless ratio A  x=Dx, whereas the
quantum problem depends also on the magnitude of 
h
through the rotational energy Bh2 .
If the diatomic is subject to a static ﬁeld along the z-axis
together with a pulsed laser ﬁeld circularly polarized in the
xy-plane, with ﬁeld eL ðtÞ ¼ f ðtÞeL ðcos Xt; sin Xt; 0Þ, the
scaled Hamiltonian has the form (3) with Dx negative.
Molecules therefore tend to align in the xy-plane.
Now consider the case when the static and linearly
polarized laser ﬁeld directions are tilted with respect to
one another [17,18,28]. Setting the static ﬁeld eS along
the direction ðsin b; 0; cos bÞ in the xz-plane, the scaled
classical Hamiltonian is
"
#
2
p
/
~ ðh; /; ph ; p/ Þ ¼ p2 þ
H
h
sin2 h
 xð sin b sin h cos / þ cos b cos hÞ
 Dx cos2 h:

ð4Þ

The scaled Hamiltonian (4) no longer conserves m and is
classically nonintegrable [28]. The onset of chaotic classical motion is a consequence of a competition between
the tendency for the diatomic to align along the laser ﬁeld
axis and the tendency to orient along the static ﬁeld.
Quantum mechanical eigenvalues and eigenvectors
for Hamiltonians (1)–(4) are obtained by matrix diagonalization in a basis of spherical harmonics YMJ ðh; /Þ.
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Our computer program allows for nonconservation of
the quantum number M, as required for the tilted ﬁelds
case. All potentials considered here are invariant under
the coordinate transformation ðh; /Þ7!ðh; /Þ, and a
suitable symmetrized basis is:
i
1 h J
M J
 ð  Þ YjMj
; 1 6 jMj 6 J ;
jJ ; jMj; i  pﬃﬃﬃ YjMj
2
ð5Þ
J
with jJ ; 0; þi  YM¼0
.
The model parameters we use are appropriate for the
diatomic KCl (cf. Table 3 of [18]): B ¼ 0:1286 cm1 ,
3 , so that x ¼ 60 for eS ¼ 44
l ¼ 10:48 D, Da ’ 3:1 A
kV cm1 and Dx ¼ 240 for eL ¼ 1012 W cm2 . For KCl
we therefore have Dx K 240 and x K 60 for experimentally attainable ﬁeld strengths, so that the number of
trapped pendular states created by both the static ﬁeld
and the laser pulse for reasonable intensities is large
enough for semiclassical considerations to be appropriate (x; Dx  1). The ratio of the static ﬁeld interaction
energy to the laser ﬁeld interaction energy A can
moreover be in the range 1/6–1/3, where signiﬁcant
classical chaos is present for large tilt angles [28].

3. Classical and quantum monodromy: collinear ﬁelds
For both the classical and quantum mechanical collinear ﬁelds problem, the z-component of angular momentum m is a constant of the motion. Classical relative

equilibria [26] are critical points of the eﬀective potential:
m2
 x cos h  Dx cos2 h;
ð6Þ
sin2 h
oVeff =oh ¼ 0. Relative equilibria are shown in the bifurcation diagram Fig. 1a, which plots E versus h for
A ¼ (1/3), b ¼ 0. The two stable relative equilibria are
shown as thick solid lines and the unstable relative
equilibrium by a thick dashed line. The lowest energy
point on each of these three curves is a relative equilibrium with m ¼ 0. The two stable relative equilibria
with m ¼ 0 correspond to the rotor either parallel
(h ¼ 0) or antiparallel (h ¼ p) to the ﬁeld; the unstable
relative equilibrium corresponds to a one-parameter
family of stationary rotor conﬁgurations in the full
phase space, parameterized by azimuthal angle / ¼ /0 .
For jmj > 0, the relative equilibria are associated with
pairs of periodic orbits with m (conical pendulum orbits [31]). At higher energies, one of the stable relative
equilibrium periodic orbit pairs merges with the unstable relative equilibrium orbit pair in a pair of saddlenode bifurcations [32]. In addition to the relative
equilibria, there also exist one-parameter families of
planar periodic orbits passing through the poles. These
orbits are librational (pendular) for energies below the
barrier height, and rotational at higher energies. The
transition from librational to rotational motion occurs
at precisely the energy at which the unstable relative
equilibrium appears.
Veff ðh; mÞ ¼

1
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Fig. 1. Energy E=Dx versus polar angle h for relative equilibria and periodic orbits of a rotor in static plus linearly polarized laser ﬁelds, x=Dx ¼
(1/3). (a) Collinear ﬁelds (tilt angle b ¼ 0), integrable case. Angular momentum component m is a constant of the motion for each orbit. Relative
equilibria (critical points of the eﬀective potential (6)) are shown together with 1:1 resonant periodic orbits bifurcating from them. Stable relative
equilibria are shown as thick solid lines, the unstable relative equilibrium by a thick dashed line, and marginally stable resonant periodic orbits by
dash-dot lines. Parabolic polar orbits with p/ ¼ 0 are denoted by dashed lines at h ¼ 0 and h ¼ p. (b) Tilted ﬁelds (tilt angle b ¼ p=100), nonintegrable case. Angular momentum component m is not a constant of the motion. Periodic orbits evolving from the relative equilibria and periodic
orbits of (a) are shown. Stable periodic orbits are denoted by thick lines, unstable periodic orbits by thinner lines.
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Fig. 2. Classical energy momentum diagrams (E versus m) plotted together with corresponding quantum E : m lattices for four ﬁeld combinations.
Quantum states are denoted by ﬁlled circles, classical relative equilibria by solid lines and open circles. (a) Static ﬁeld only (spherical pendulum):
x ¼ 60; Dx ¼ 0 (cf. Eq. (3)). (b) Linearly polarized laser ﬁeld only: x ¼ 0, Dx ¼ þ180. (c) Collinear ﬁeld case: x ¼ 60, Dx ¼ þ180. (d) Static ﬁeld
along the z-axis combined with circularly polarized laser pulse in the xy-plane: x ¼ 60, Dx ¼ 180.

Fig. 3. (h; ph ) surfaces of section are plotted for the rotor in static plus linearly polarized laser ﬁelds. The sectioning condition is / ¼ 0, /_ > 0.
Parameter values are: x=Dx ¼ (1/3), E=Dx ¼ þ0:25. (a) Collinear ﬁelds (tilt angle b ¼ 0); integrable case. (b) Tilted ﬁelds (tilt angle b ¼ p=100);
nonintegrable case.

Also shown are 1:1 resonant parabolic (neutrally
stable) periodic orbits that emerge from the planar polar
orbits and merge with the relative equilibria (conical

pendulum orbits) at higher energy. These resonant periodic orbits occur in one-parameter families, with each
family ﬁlling a rational torus. Particular orbits in the
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family are found by iteration of the symmetry line
ph ¼ 0 on the / ¼ 0, /_ > 0 surface of section [28,33].
The thin lines in Fig. 1a show the h values for 1:1 resonant periodic orbits on the symmetry line at energy E.
Each resonant torus intersects the symmetry line at two
points, one on each side of a stable relative equilibrium.
Unlike the periodic orbits associated with the relative
equilibria, the angle h is not constant along the 1:1
resonant periodic orbits.
The corresponding E versus m plot for the relative
equilibria is the classical energy–momentum diagram [1].
Energy–momentum diagrams are shown for four ﬁeld
combinations in Fig. 2. Fig. 2a shows the case
x ¼ 60; Dx ¼ 0, which corresponds to static ﬁeld only
(the spherical pendulum). The quantum state lattice in
this case exhibits a defect located at the point
E ¼ 60; m ¼ 0, which is the location of the isolated unstable classical relative equilibrium. It is readily veriﬁed

1 0
that the quantum monodromy matrix is M ¼
1 1
[4]. Fig. 2b shows the energy momentum diagram for
the linearly polarized laser ﬁeld only: Dx ¼ 180, A ¼ 0.
The eﬀective potential in this case is a symmetric double well for m ¼ 0, and there is no monodromy (cf.
Fig. 3 of [8]). The quantum state lattice is divided into
two regions associated with below-barrier and abovebarrier states, respectively. Fig. 2c shows the collinear
ﬁeld case with Dx ¼ 180, A ¼ 1=3. Application of the
combined laser and static ﬁelds results in a triangular
region in which the two leaves of the energy–momentum diagram overlap. The size of the overlap region
can be altered by tuning the ﬁeld strengths. The
quantum monodromy matrix for parallel transport of a
lattice cell around the critical cut at the top of the
overlap region is the same as for the spherical pendulum example. The triangular region is the portion of the
E : m diagram in which trapped pendular states exist on
both sides of the asymmetric double well eﬀective
potential (6).
Finally, in Fig. 2d we take x ¼ 60, Dx ¼ 180,
corresponding to a diatomic in combined static ﬁeld
along the z-axis and circularly polarized pulse in the xyplane. Note the characteristic quadratic dependence of
the energy of the stable relative equilibrium on the angular momentum component m. For m ¼ 0, the eﬀective
potential V ðhÞ has stationary points at h  p=2 (minimum) and h ¼ 0; p (maxima). The maxima are at different energies when x 6¼ 0, and disappear for m 6¼ 0.
There are therefore two distinct isolated unstable relative equilibria on the m ¼ 0 line, which give rise to defects in the quantum state lattice. The monodromy
matrix for transport of a lattice cell around
 a circuit
1 0
enclosing both defects is found to be M ¼
, and
2 1
is diﬀerent from the spherical pendulum case (see [1],
p. 386; also [34]).

4. Tilted ﬁelds: nonintegrable case
As already mentioned, the classical problem is nonintegrable for the tilted static ﬁeld-linearly polarized
laser ﬁeld case (b 6¼ 0) [28]. We consider here small
values of the tilting angle, b ¼ p=100 and p=20. A ðh; ph Þ
surface of section, deﬁned by the sectioning condition
/ ¼ 0, /_ > 0, is shown in Fig. 3b (E=Dx ¼ þ0:25;
A ¼ 1=3), and illustrates the onset of localized chaotic
motion in the tilted ﬁeld case even for b ¼ p=100.
The corresponding primary periodic orbit bifurcation
diagram for tilted ﬁelds is given in Fig. 1b. Stable orbits
are represented by thick lines and unstable orbits by thin
lines. In contrast to the relative equilibria of Fig. 1a, the
polar angle h is not constant along any of the orbits
shown in Fig. 1b. Three unstable periodic orbit pairs
now appear at an energy corresponding to the top of the
(/-dependent) potential barrier, and each of these unstable orbits merges with a stable periodic orbit at
higher energy in a saddle-node bifurcation. Each oneparameter family of marginally stable resonant periodic
orbits is replaced by a stable/unstable pair of periodic
orbits. Similarly, the one-parameter family of periodic
orbits at the poles becomes a pair of periodic orbits in
the nonintegrable case. It is clear from Fig. 1 that
knowledge of both the relative equilibria and low order
resonant periodic orbits in the integrable limit is needed
to understand the structure of the bifurcation diagram
for tilted ﬁelds.
As m is no longer a conserved quantity/good quantum number, there would in general appear to be no
useful construction analogous to the energy–momentum
plot. Nevertheless, for small tilt angles we ﬁnd that a
plot of E versus ðm2 Þ1=2 (the square root of the timeaverage of p/2 ) for the classical periodic orbits yields a
diagram very similar in appearance to the classical
E : jmj diagram in the integrable case. Moreover, a
corresponding quantum state lattice can be deﬁned by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ 2 ij for each
plotting energy eigenvalue Ej versus hm
eigenstate j of the tilted ﬁeld problem. (For a similar
approach applied to coupled spin systems, see [35].)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Classical and quantum E : hm2 i plots for Dx ¼ 180,
A ¼ 1=3 are shown in Fig. 4a (b ¼ 0) and Fig. 4b
(b ¼ p=100). Positive parity eigenstates are plotted.
Fig. 4a is identical with one half of Fig. 2c, except for the
addition of the E : jmj curve for 1:1 resonant periodic
orbits. From Fig. 4b it is apparent that much of the
structure of the lattice from the integrable limit persists
for small tilting angles. In particular, the region associated with the existence of bound states in both wells is
still readily identiﬁable in the tilted ﬁelds case. The
regular quantum lattice structure of the integrable limit
is however, noticeably disrupted in the energy range in
which classically chaotic phase space structure appears
(cf. [35]).
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5. Summary and conclusion
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We have investigated the classical and quantum mechanics of a diatomic molecule in combined electrostatic
and pulsed laser ﬁelds. For the integrable case of collinear ﬁelds, the system exhibits quantum monodromy,
and we have computed classical and quantum energy–
momentum (E:m) diagrams for several physically attainable ﬁeld combinations. The diatomic in a static ﬁeld
perpendicular to the polarization plane of a circularly
polarized laser ﬁeld also exhibits monodromy, and we
have veriﬁed that the quantum monodromy matrix differs from that for the spherical pendulum case.
For the case of tilted ﬁelds, the classical problem is
nonintegrable and m is no longer a constant of the
motion. For small tilting angles, the latticepobtained
by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ i: hm2 i for eiplotting quantum expectation values hH
genstates was nevertheless shown to retain much of the
structure of the integrable E:m quantum state lattice,
and the corresponding E versus m2 curves associated
with classical primary periodic orbits were shown to
organize the nonintegrable quantum lattice plot. The
regular structure of the quantum lattice in the integrable
limit was found to be disrupted in an energy range associated with the onset of chaotic classical motion.
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Fig. 4. (a) Collinear ﬁelds, integrable case: tilt angle b ¼ 0, x ¼ 60,
Dx ¼ 180. Classical E versus jmj plots for relative equilibria (solid
lines) and resonant periodic
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃorbits (dotted line) are shown together
^ i: hm2 i lattice (ﬁlled circles) for positive parity
with the quantum hH
eigenstates. jmj is a constant of the motion. (b) Tilted ﬁelds, nonintegrablepcase:
ﬃﬃﬃﬃﬃﬃ tilt angle b ¼ p=100, x ¼ 60, Dx ¼ 180. Classical E
versus m2 plots for
primary
periodic orbits (dotted lines) together
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ i: hm2 i lattice for positive parity eigenstates. (c) As
with quantum hH
for (b), tilt angle b ¼ p=20.

A corresponding plot for the b ¼ p=20 case is shown
in Fig. 4c. The disruption of the lattice is more severe in
this case. It is also numerically more diﬃcult to ﬁnd
classical periodic orbits near h  0; p.
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